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The renormalization of effective potential for the noncommutative scalar field theory is
investigated to the two-loop approximation. It is seen that the nonplanar diagram does not
appear in the one-loop potential. However, nonplanar diagram can become dominant in the
two-loop level as the noncommutativity of geometry is sufficiently small. The result shows
that the radiative corrections from the nonplanar diagrams have an inclination to induce the
spontaneously symmetry breaking if it is not broken in the tree level, and have an inclination
to restore the symmetry breaking if it has been broken in the tree level.
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1 Introduction
Noncommutative field theories have been received a great deal of attention [1-4]. Historically,
it is a hope that the deformed geometry in the small spacetime would be possible to cure the
quantum-field divergences, especially in the gravity theory. The work of Filk [5], however,
proved that the noncommutative theory exhibits the same divergence as the commutative
one.
The renovation of the interesting in noncommutative field theories is that it have proved
to arise naturally in the string/M theories [6-9]. Initially, Connes, Douglas and Schwarz
[6] had shown that the supersymmetric gauge theory on noncommutative torus is naturally
related to the compactification of Matrix theory [10]. More recently, it is known that the
dynamics of a D-brane in the presence of a B-field can, in certain limits, be described by the
noncommutative field theories [9].
The quantum aspects of the noncommutative field theories have been pursued via pertur-
bative analysis over diverse model [11-16]. A distinct characteristic of the noncommutative
field theories, found by Minwalla, Raamsdonk and Seiberg [13], is the mixing of ultraviolet
(UV) and infrared (IR) divergences reminiscent of the UV/IR connection of the string the-
ory. For the φ4 theory, it has been proved to remain ultraviolet renormalizable up to two
loops [14], although this does not seem to hold to all order [12].
In this paper we will investigate the effective potential for the scalar field theory in
the noncommutative spacetime. Our interesting is to see how the noncommutativity of the
spacetime will affect the Coleman-Weinberg mechanism [17]. We will use the path-integration
formulation [18] to evaluate the effective potential to the two-loop approximation. In this
formulation it is easy to see that there is no nonplanar diagram in the one-loop potential.
Thus the spontaneous symmetry breaking is blind to the noncommutativity at this level.
However, we find that the nonplanar diagram can become dominant in the two-loop potential,
if the noncommutativity of geometry is sufficiently small. We also find that the nonplanar
diagram has an inclination to induce the spontaneously symmetry breaking if it is not broken
in the tree level. It also has an inclination to restore the symmetry breaking if it has been
broken in the tree level.
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2 Formulation and one-loop diagram
The noncommutative geometry we considered is defined by the coordinates xµ which satisfy
the relation
[xµ, xν ] = iθµν , (2.1)
in which θµν is a real, antisymmetric matrix. The function defined over the noncommutative
spacetime can be expressed as
f(x) =
1
(2pi)4
∫
d4k eikµx
µ
f˜(k). (2.2)
The Moyal product (∗) of two functions is then defined by [11-16]
f(x) ∗ g(x) = 1
(2pi)8
∫
d4kd4peikµx
µ
eipνx
ν
f˜(k)g˜(p)
=
1
(2pi)8
∫
d4kd4pei(kµ+pµ)x
µ−
i
2
kµθ
µνpν f˜(k)g˜(p)
= e+
i
2
θµν ∂
∂yµ
∂
∂zν f(y)g(z)|y,z→x. (2.3)
We consider the φ4 theory with the action
S[φ] =
∫
d4x L(φ) =
∫
d4x [
1
2
∂µφ ∗ ∂µφ+ 1
2
m2φ ∗ φ− λ
4!
φ ∗ φ ∗ φ ∗ φ]. (2.4)
After expanding the Lagrangian around a constant field φ0 the action can be expressed as
S[φ] = S[φ0] +
1
2
∫
d4x d4y φ˜(x) ∗ φ˜(y) δ
2S
δφ(x)δφ(y)
∣∣∣∣∣
φ0
+
∫
d4x L˜I(φ˜, φ0), (2.5)
in which φ˜ ≡ φ− φ0 and L˜I(φ˜, φ0) can be found from the Lagrangian Eq.(2.4). (Note that
as the constant field φ0 is a stationary point we have the relation
δS
δφ
∣∣∣
φ0
= 0.) Then using the
propagator defined by
iD−1(φ0; k) =
∫
d4keikxiD−1(φ0; x), (2.6a)
iD−1(φ0; x, y) =
δ2S
δφ(x)δφ(y)
∣∣∣∣∣
φ0
, (2.6b)
3
the effective potential V (φ0) is found to be [18]
V (φ0) = V0(φ0)− 1
2
i h¯
∫
d4k
(2pi)4
ln detiD−1(φ0; k)+ i h¯ < exp
(
i
h¯
∫
d4x L˜I(φ˜, φ0)
)
> . (2.7)
The first term in Eq.(2.7) is the classical potential. The second term is the one-loop
contribution from the second term in Eq.(2.5). It is known that, as θµν is an antisymmetric
matrix the quadratic part of the field φ(x) in the noncommutative spacetime will be identical
with that in the commutative spacetime, after the spacetime integral [11-16]. Therefore, this
elementary property implies that the Moyal product in the second term of Eq.(2.5) can be
dropped. Thus we see an interesting property that the noncommutativity of spacetime dose
not affect the potential in one-loop level. This property had been found by Campbell and
Kaminsky [15] after investigating the tadpole diagram in the linear sigma model.
The third term in Eq.(2.7) is the higher-loop contribution of the effective potential.
To obtain it we shall evaluate the expection value of the third term in Eq.(2.5) by the
conventional Feynmam rule, with D(φ0; k) as the propagator and keep only the connected
single-particle irreducible graphs [18]. In the next section we will analyze the two-loop
diagram and find that the nonplanar diagram can become dominant if the noncommutativity
of geometry is sufficiently small.
3 Two-loop diagram
In the two-loop level there are two planar and nonplanar diagrams. Using the Feynman rule,
which includes the propagator
✲p 1
p2+M2
and vertices
 
 
 
 
 
 ❅
❅
❅
❅
❅
❅
✒
❘
■
✠
p1
p4
p2
p3
−6λV (p1, p2, p3, p4)
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 
 
 ❅
❅
❅
✒ ■
❄
p1 p2
p3
−6φ0λV (p1, p2, p3)
in which M2 ≡ m2 + 1
2
λφ20 and V (pi) = e
−i
2
∑
i<j
piµθ
µνpjν , the contributions of the effective
potential from the planar diagram are [18]
✖✕
✗✔
✖✕
✗✔
= IP1
=
2
3
h¯2
24
λ
∫
d4k
(2pi)4
1
k2 +M2
∫
d4p
(2pi)4
1
p2 +M2
, (3.1)
✖✕
✗✔
= IP2
= − 1
2
h¯2
36
λ2φ20
∫
d4kd4p
(2pi)8
1
(k2 +M2)(p2 +M2)((k + p)2 +M2)
. (3.2)
The contributions of th effective potential from the nonplanar diagram are like those in the
planar diagram, while with an extra factor eikµθ
µνpν . They are
IN1 =
1
3
h¯2
24
λ
∫
d4kd4p
(2pi)8
eikµθ
µνpν
(k2 +M2)(p2 +M2)
, (3.3)
IN2 = −
1
2
h¯2
36
λ2φ20
∫
d4kd4p
(2pi)8
eikµθ
µνpν
(k2 +M2)(p2 +M2)((k + p)2 +M2)
. (3.4)
Note that the factors 2
3
(1
3
) appearing in Eqs. (3.1) ((3.3)) means that the associated planar
(nonplanar) diagram will be with 2/3 (1/3) weight of the commutative graph. And factors 1
2
appearing in Eqs. (3.2) and (3.4) means that the associated planar and nonplanar diagram
will be both with 1/2 weight of the commutative graph. The counting has been detailed
by Campbell and Kaminsky [15] in investigating the linear sigma model. Let us describe it
again for the completeness.
The diagram (3.1) has a single vertex, and so a phase factor V (p, k,−k,−p). Of the
six possible orderings (modulo cyclic permutation) of the set {p, k,−k,−p}, four lead to
5
a trival phase factor, and two lead to a phase of either eikµθ
µνpν or e−ikµθ
µνpν (which are
the same under the integral over the loop momenta k). Thus the planar diagram will with
4/6=2/3 weigth and the nonplanar diagram will with 2/6=1/3 weigth with respect to the
commutative graph. .
The diagram (3.2) has two vertices, and we pick up the phase factor V (p, k,−p −
k)V (−k,−p, p + k). Each vertex has two orderings (modulo cyclic permutation), for four
combinations total. Explicity evaluation will find that two lead to a trival phase factor, and
two lead to a phase eikµθ
µνpν . Thus the planar diagram will with 2/4=1/2 weigth and the
nonplanar diagram will with 2/4=1/2 weigth with respect to the commutative graph.
The planar-diagram contributions of Eqs.(3.1) and (3.2) have ultraviolet divergences and
shall be renormalized. This can be analyzed following that in [18]. However, due to the
phase factor in Eqs.(3.3) and (3.4) the nonplanar-diagram contributions may be finite. We
will analyze the nonplanar-diagram contributions in below.
Let us first analyze Eq.(3.3). Using the Schwinger parameters, α1 and α2, we see that
∫
d4k d4p
eikµθ
µνpν
(k2 +M2)(p2 +M2)
=
∫
∞
0
dα1
∫
∞
0
dα2
∫
d4kd4p eikµθ
µνpνe−α1(k
2+M2)e−α2(p
2+M2)
=
∫
∞
0
dα1
∫
∞
0
dα2
∫
d4p e
−
1
4α1
p˜µp˜
µ
e−α2(p
2+M2)
∫
d4l e−α1(l
2+M2)
=
∫
∞
0
dα1
∫
∞
0
dα2 (
pi
α1
)2 e−(α1+α2)M
2
∫
d4p e
−
1
4α1
p˜µp˜
µ
e−α2p
2
, (3.5)
in which p˜µ = θµνpν and lµ = kµ − i2α1 p˜µ. Next, we analyze Eq.(3.4). Using Feynman
parameter w and then the Schwinger parameters, α1 and α2, we see that
∫
d4k d4p
eikµθ
µνpν
(k2 +M2)(p2 +M2)((k + p)2 +M2)
=
∫ 1
0
dw
∫
d4k d4p
1
[w(k2 +M2) + (1− w)((k + p)2M2)]2
eikµθ
µνpν
p2 +M2
=
∫ 1
0
dw
∫
d4q d4p
1
[q2 + (w − w2)p2 +M2)]2
eiqµθ
µνpν
p2 +M2
.
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=
∫ 1
0
dw
∫
∞
0
dα1
∫
∞
0
dα2
∫
d4q d4p α1 e
−α1[q2+(w−w2)p2+M2)]eiqµθ
µνpνe−α2(p
2+M2)
=
∫ 1
0
dw
∫
∞
0
dα1
∫
∞
0
dα2
∫
d4p α1 e
−
1
4α1
p˜µp˜
µ
e−(α2+α1(w−w
2))p2−α2M2
∫
d4l e−α1(l
2+M2)
=
∫ 1
0
dw
∫
∞
0
dα1
∫
∞
0
dα2
pi2
α1
e−(α1+α2)M
2
∫
d4p e
−
1
4α1
p˜µp˜
µ
e−(α2+α1(w−w
2))p2 , (3.6)
in which qµ = kµ−(1−w)pµ, p˜µ = θµνpν and lµ = qµ− i2α1 p˜µ. To evaluate Eqs.(3.5) and (3.6)
furthermore we shall know the exact form of p˜µ which depends on the noncommutativity
parameters θµν .
Denoting the noncommutativity parameters as
θµν =


0 a b c
−a 0 d e
−b −d 0 f
−c −e −f 0


, (3.7)
then p˜µp˜
µ ≡ pνθµνθµλpλ ≡ pνUλν pλ where Uλν is a symmetric matrix. Because that any real,
symmetric matrix can be diagonalized by an orthogonal matrix we can thus change the
orthonormal variables pµ to another orthonormal variables hµ such that
1
4α1
p˜µp˜
µ+α2pµp
µ =
λ1h
2
1 + λ2h
2
2 + λ3h
2
3 + λ4h
2
4, where λi been the eigenvalues of the associated matrix. The
eigenvalues are found to be
λ1 = λ2 = α2 +
1
8α1
(S +
√
S2 − 4D2), λ3 = λ4 = α2 + 1
8α1
(S −
√
S2 − 4D2), (3.8)
where
S ≡ a2 + b2 + c2 + d2 + e2 + f 2, D ≡ cd− be + af. (3.9)
Thus, after the integration of hµ Eqs. (3.5) becomes
∫
∞
0
dα1
∫
∞
0
dα2
8pi2
S +
√
S2 − 4D2 + 8α1α2
8pi2
S −√S2 − 4D2 + 8α1α2
e−(α1+α2)M
2
. (3.10a)
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In a similar way, Eqs. (3.6) becomes
∫ 1
0
dw
∫
∞
0
dα1α1
∫
∞
0
dα2
8pi2
S +
√
S2 − 4D2 + 8α1(α2 + (w − w2)α1)
× 8pi
2
S −√S2 − 4D2 + 8α1(α2 + (w − w2)α1)
e−(α1+α2)M
2
. (3.11a)
It is easy to see that the above two relations will become divergent if S = D = 0. This is
because that the factors 1
8α1α2
and 1
8α1(α2+(w−w2)α1)
is divergent at α1 = 0 and (or) α2 = 0.
Therefore when the noncommutativity parameter θ is very small we can approximate the
above relations by
(3.10a) ≈
∫
∞
0
dα1
∫
∞
0
dα2
16pi4
D2
e−(α1+α2)M
2
=
16pi4
D2M4
. (3.10b)
(3.11a) ≈
∫
∞
0
dα1
∫
∞
0
dα2 α1
16pi4
D2
e−(α1+α2)M
2
=
16pi4
D2M6
. (3.11b)
Substituting the above results into Eqs.(3.3) and (3.4) we finally find the nonplanar-
diagram contribution of the effective potential
V (φ0)
nonplanar = λ
h¯2
72
16pi4
D2M4
(1− λφ
2
0
M2
) (3.12).
Thus we see that the nonplanar diagram can become dominant in the two-loop potential, if
the noncommutativity of geometry is sufficiently small.
Note that the inverse power of D2 in the Eq.(3.12) is a consequence of dimensional
analysis, coupled with the fact that the diagrams of Eqs.(3.1) and (3.2) have degree of
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divergence 4. This could guarantee that the higher loop graphs are not more singular than
1
D2
(up to logarithmic corrections), whereas they will appear with higher powers of λ. Thus,
if D is chosen to be of order λ, the two loop diagram will dominate over higher loop diagram
(and lower loop diagrms) and the calculations of this paper become useful in determining
the effects of quantum correction on the symmetry property. The details of a very similar
argument have presented in reference 13.
From Eq.(3.13) we have the relation
∂V (φ0)
nonplanar
∂(φ20)
= λ2
h¯2
9
pi4
D2M8
(λφ20 − 4m2). (3.13)
Therefore, if m2 > 0, i.e., the symmetry is not broken in the tree level, then from Eq.(3.13)
we see that the value ∂V (φ0)
nonplanar/∂(φ20) becomes negative if φ
2
0 is small. This means that
the nonplanar diagram has an inclination to induce spontaneously symmetry breaking if it
is not broken in the tree level. On the othe hand, if m2 < 0, i.e., the symmetry has been
broken spontaneously broken in the tree level, the value ∂V (φ0)
nonplanar/∂(φ20) in Eq.(3.13)
is positive definitively. This means the nonplanar diagram has an inclination to restore the
symmetry breaking if it has been broken in the tree level.
It is difficult to analyze the system withD = 0 (note that S defined in Eq.(3.9) is positive),
but we belive that the above property will not be changed. The problem is remained in futher
investigation.
4 Conclusion
In this paper we have evaluated the renormalized effective potential for the scalar field theory
in the noncommutative spacetime to the two-loop approximation. In the path-integration
formulation we see that there is no nonplanar diagram in the one-loop potential. Thus the
spontaneous symmetry breaking is blind to the noncommutativity at this level. However,
we find that the nonplanar diagram can become dominant in the two-loop potential, if the
noncommutativity of geometry is sufficiently small. We also find that the nonplanar diagram
9
has an inclination to induce spontaneously symmetry breaking if it is not broken in the tree
level. It also has an inclination to restore the symmetry breaking if it has been broken in
the tree level.
Finally, as the U(1) Yang-Mills field will couple to itself in the noncommutative spacetime
[11,16] the new Feynmam diagram shall be involved in evaluating the effective potential. It
is interesting to see how the new diagram and the noncommutativity of the spacetime will
affect the Coleman-Weinberg mechanism in the theory including the Yang-Mills field. Work
on the problem is in progress.
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